Berry phase for a potential well transported in a homogeneous magnetic field by Exner, P & Geyler, V A


















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The aim of this letter is to demonstrate that the same is true when
the point interaction is replaced by any potential capable of binding the
particle, and moreover, that the Berry phase is in this situation again given
explicitly as a multiple of the ux through the area encircled by C. The trick
we use is adopted from another example discussed in [EG] being based on
the observation that the transport of the potential well can be equivalently
expressed by means of the magnetic translation group [Za].
We consider therefore a two-dimensional spinless quantum particle de-
scribed by the Hamiltonian
H = H
0






























is the eld strength and the quantity  appearing in (2) is








= 2~c=jej being the ux quantum. For the sake of simplicity we
employ in the following the rational system of units, jej = ~ = c = 2m = 1.
We suppose that the potential V is such that the operator (1) is self-
adjoint and has at least one simple eigenvalue which we call E
0
; the corre-
sponding normalized eigenfunction will be denoted as  
0
. We will consider
the family of shifted operators
H(~a) = H
0
+ V (~r   ~a) (5)
and denote by V
~a
the operator of multiplication by V (~r   ~a). Let [~a] be the
operator of magnetic translation on the vector ~a,
[~a]f(~r) = exp( i~r ^ ~a) f(~r   ~a) ; (6)







is valid. It follows that  
~a
(~r) = [~a] 
0
(~r) is an eigenfunction of the operator
H(~a) corresponding to the eigenvalue E
0
.
We want to nd the Berry phase which refers to an adiabatic evolution of
the system with the HamiltonianH(~a) when the vector ~a which characterizes
the potential position moves along a loop C. To this end we have to nd the
corresponding Berry potential













(x; y) = iy 
~a
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~a















































































(x; y) dx dy (11)
















































Moreover, the second terms can be removed by an appropriate gauge trans-






notice that the expression coincides with the vector potential of the homoge-













) = 2S ; (15)
where S is the (oriented) area encircled by the loop C, in other words,










is the number of ux quanta through S. This is the result we
have announced in the opening.
Let us add a comment on the meaning of the result. Consider a classi-
cal dynamical system with the Hamiltonian H
0
+ V (~r) which is completely
integrable. Recall that the Hannay angle (C) can be dened [Han] for
a cyclic adiabatic evolution of the system with the \shifted" Hamiltonian
H(~a) = H
0
+ V (~r ~a) along a closed loop C is the parameter space R
2
; this
angle is a classical counterpart to the Berry phase [Be2]. In our case, how-
ever, we have (C) = 0 for any loop C. Indeed, since parallel translation are
canonical transformation on the phase space { which follows from the fact
that H
0
is a quadratic polynomial in coordinate and momentum coordinates
{ all the Hamiltonians H(~a) have identical canonical frequencies. If, more-
over, the potential is such that H(
~
0) has a purely discrete spectrum, then the
vanishing of the Hannay angle is a consequence of the Berry correspondence
principle [Be2], (C) =  @
n
(C)=@n, since in our case the Berry phase is
independent of the index n labeling the energy levels.
The appearance of a nontrivial adiabatic phase factor in a moving po-
tential V
~a
is thus a purely quantum phenomenon like, e.g., the well-known
Aharonov-Bohm eect. This feature distinguished the eect discussed in this
letter from the Berry phase related to the Larmor precession of an electron
bound to a xed centre of attraction such as a heavy nucleus [Ham].
4
Let us nish with another remark concerning an extension of the above
result to three-dimensional systems. Since the homogeneous eld is parallel
to the z-axis we nd easily that U
3
(~a) = 0. Consequently, the Berry phase




, up to a sign, where 
C
is now the magnetic ux through the projection of C to a plane perpendicular
to the eld.
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